We investigate the attractive Fermi polaron problem in two and three dimensions using lattice Monte Carlo simulations. For our calculations, we introduce a new Monte Carlo algorithm which we call impurity lattice Monte Carlo. This Monte Carlo algorithm is computationally efficient and shows only small sign oscillations for systems with a single impurity. We calculate the universal polaron energy in three dimensions in the scale-invariant unitarity limit. We also compute the polaron energy in two dimensions for different interaction strengths and find evidence for a transition from a polaron to a molecular state.
We investigate the attractive Fermi polaron problem in two and three dimensions using lattice Monte Carlo simulations. For our calculations, we introduce a new Monte Carlo algorithm which we call impurity lattice Monte Carlo. This Monte Carlo algorithm is computationally efficient and shows only small sign oscillations for systems with a single impurity. We calculate the universal polaron energy in three dimensions in the scale-invariant unitarity limit. We also compute the polaron energy in two dimensions for different interaction strengths and find evidence for a transition from a polaron to a molecular state. One of the most interesting and fundamental problems in quantum many-body physics is the polaron problem, where a mobile impurity interacts with a bath of particles. With the advent of ultracold atomic gases, the polaron problem can now be realized for both bosonic and fermionic baths and also in the universal limit where the range of the particle interactions are negligible [1] . In a fermionic medium, the impurity can undergo a sharp transition and change its quantum statistics by binding fermions from the surrounding Fermi gas [2, 3] . The impurity is dressed by fluctuations of the Fermi sea forming a quasi-particle or polaron state. But with increasing particle interaction strength, molecules will form by capturing one or even two particles from the Fermi sea, and this behavior has been shown to depend on the mass ratio of the two components of the Fermi gas for the 3D case [2] [3] [4] [5] [6] [7] [8] [9] [10] . In 1D the exact analytical solution has no polaron-molecule transition [11] . In 2D the Fermi polaron properties have been studied using different theoretical and experimental approaches, and these have predicted various scenarios for the existence or absence of a polaron-molecule transition [12] [13] [14] [15] [16] [17] [18] [19] [20] . In this work we investigate 2D and 3D highly imbalanced two-component Fermi gases using lattice Monte Carlo simulations.
For our Monte Carlo calculations, we introduce a new algorithm which we call the impurity lattice Monte Carlo algorithm. Credit for developing this algorithm is to be shared with Ref. [21] . This algorithm can be considered as a hybrid algorithm in between worldline and auxiliaryfield Monte Carlo simulations. In worldline algorithms, the amplitude is calculated by sampling particle worldlines in Euclidean spacetime. In auxiliary-field Monte Carlo simulations, the interactions are recast as single particle interactions, and the amplitude is computed exactly for each auxiliary field configuration. In the impurity Monte Carlo approach, we handle the impurities using worldline simulations while all other particles are treated using the auxiliary-field formalism. The impurity worldlines themselves act as local auxiliary fields felt by other particles in the system. The system which we investigate here is a single impurity in a polarized fermionic bath. For this problem, we find that impurity lattice Monte Carlo is computationally very efficient and that the sign oscillations of the statistical samples are highly suppressed. Both of these features can be traced to the fact that the only interactions are those associated with the impurity worldline.
Impurity lattice Monte Carlo. We start by considering a many-body system of two-component fermions with equal masses, m ↑ = m ↓ = m with attractive interactions in the zero-range limit. In our many-body system N up-spin particles fill the Fermi sea and one down-spin particle is an impurity immersed in this Fermi sea. In the zero-range limit, the interaction potential can be replaced by a delta function interaction. Using the lattice spacing to regularize the short distance physics, we can write our effective lattice Hamiltonian as
where n denote spatial lattice points on a d-dimensional L d periodic cube. The free Hamiltonian is given by
where a is the spatial lattice spacing. We fix the coupling constant C 0 in order to reproduce either the desired two-particle scattering length or the binding energy of a arXiv:1412.8175v2 [cond-mat.quant-gas] 30 Dec 2014
shallow dimer at infinite volume. The partition function of the system in terms of the transfer matrix is given by
where M is the normal-ordered transfer matrix operator (4) and a t is the temporal lattice spacing. We are interested in the system containing one downspin particle together with an arbitrary number of upspin particles. We focus on one forward time step from n t to n t +1. If the down-spin worldline remains stationary at some lattice site n during this time step, then we get an effective transfer matrix for the up-spin particles that has the form
We note the local potential generated by the down-spin impurity sitting at lattice site n. If instead the up-spin worldline hops from one spatial lattice site to another, then the effective up-spin transfer matrix is
For more details on the impurity lattice Monte Carlo formalism we refer to Ref. [21] . Attractive polarons in three dimensions. For our first application, we present an ab initio study of 3D attractive polarons in the unitarity limit. We define p < 0 as the difference between ground state energy of the system with a single impurity compared to the system without the impurity. In the unitarity limit, where the S-wave scattering length diverges, the polaron energy is a universal quantity and scales with the Fermi energy, p = θ F , where θ is a universal dimensionless number.
Using our effective up-spin transfer matrix, we compute Euclidean time projection amplitudes of the form
where Ψ init is a Slater-determinant initial wave function for the up spins. The calculation then reduces to averaging over all possible impurity worldlines by Monte Carlo sampling. The result of this calculation gives us the total projection amplitude Z(L t ), over L t time steps. By taking the ratio of projection amplitudes for L t and L t − 1 time steps in the limit of large L t , we can determine the ground state energy
For practical purposes, we fit the amplitude to the asymptotic exponential function 0 + αe −δ·t and determine the ground state energy 0 for each system at fixed particle number and volume, taking L t up to a maximum of 80.
In order to determine the polaron energy accurately we run the simulations for several different lattice volumes L 3 as well as several different numbers of particles, N, for the majority up-spin species. Since the scattering length is tuned to infinity, taking the limit of infinite volume at fixed particle number corresponds to taking the continuum limit with the interaction range going to zero. At fixed particle number, we determine the polaron energy for each system at lattice volumes 6 3 , 8 3 and 10 3 . We then apply a linear extrapolation in the inverse lattice spacing, the expected size of the leading corrections to the scale-invariant unitarity limit. See for example Ref. [22] for similar extrapolations in the unitarity limit. Repeating this procedure for systems with N = 20, 25, 30 and 35, we also extrapolate the polaron energy to the thermodynamic limit. For the thermodynamic limit extrapolation, we perform a linear fit in 1/N .
In Fig. 1 we present lattice results for the universal polaron energy in the unitarity limit. Using the impurity lattice Monte Carlo method we find θ = p / F = −0.614 (11) . This result is in very good agreement with the result θ = −0.618 determined in Ref. [2] using diagrammatic Monte Carlo methods and with the variational calculations with one and two particle-hole pair excitations giving θ = −0.6066 [23] and θ = −0.6158 [7] , respectively. All these theoretical calculations are consistent with the experimental values θ = −0.58(5) [24] and θ = −0.64(7) [10] measured in ultracold atomic gases.
Attractive polarons in two dimensions. We now consider attractive polarons in two dimensions. The vicinity of the unitary limit is not the most interesting case in 2D since the system is weakly interacting [25, 26] . But there is a very interesting and important question as to whether a polaron-molecule transition occurs in the ground state as a function of interaction strength. The existence or the absence of such a transition will impact the overall phase diagram for spin-imbalanced 2D Fermi gas [27] [28] [29] [30] [31] . While some work using a variational approach did not show any ground-state transition [12] , later studies on this subject found evidence for a ground-state transition when treating molecule and polaron variational wavefunctions in a similar fashion [14] . At this time experiments are not yet conclusive on the question of a transition [16, 17] . In the following we present the first ab initio many-body calculations for attractive Fermi polarons in 2D and evidence for a ground-state transition.
Just like the 3D case, we consider a system of highly imbalanced two component fermions with equal masses. The spin down impurity interacts with the spin up Fermi sea through a short-range interaction which we replace by a delta-function potential.
Using impurity lattice Monte Carlo, we determine the polaron energy in terms of the majority species Fermi energy by measuring the energy of the zero momentum polaron. While we have not performed a formal continuum limit extrapolation, we can demonstrate good control over lattice spacing artifacts by presenting results for a wide range of different two-body bound states and showing universal behavior. We tune the coupling constant in order to get the two-body bound states with binding momentum κ B = m| B | equal to 0.22 /a, 0.31 /a, 0.43 /a, 0.53 /a, and 0.62 /a. For the weak coupling case, we take the Slater determinant for the noninteracting Fermi gas system as the initial wave function. For the strong coupling case with deeper dimer binding, the convergence to the ground state is rather slow for the Fermi gas initial state. So instead we take an initial state where the up-spin wave function corresponds to a free Fermi gas for the first N − 1 particles and a spatial Gaussian wave packet for the last up-spin particle centered around the position of the down-spin impurity. The position of the impurity is then summed over all possible coordinates to make a translationally-invariant state.
We run the simulation for the systems with different periodic squares L 2 and different particle numbers, N , for the majority up-spins. For each L and N we again find the ground state energy by extrapolating to the limit L t → ∞ by fitting the Euclidean time projection amplitude to the asymptotic exponential function 0 + αe −δ·t . Our lattice results for the polaron energy in 2D are shown in Fig. 2 . To magnify the details we have subtracted the dimer energy in vacuum, B , from the polaron energies and scaled by the majority up-spin particle Fermi energy, F . We have plotted the energy versus the dimensionless parameter η ≡ which characterizes the strength of the interaction. For comparison, we show the variational calculations done in Ref. [14] and [18] . We have also plotted the expression for the polaron energy given in Ref. [13] which is an interpolation between polaron behavior in the weak coupling BCS . Dashed line: the variational wave function of the impurity is dressed by one particle-hole (p-h) pair [14] . Solid line: the variational wave function of the impurity is dressed by two p-h pairs [18] . Dot-dashed line: improved molecule state by adding one p-h pair [14] . Dotted line: interpolation between polaron behavior in the BCS regime, and molecule behavior in the BEC regime [13] . The vertical band represents the region where the transition from polaron to molecule occurs.
regime η > 1, and molecule behavior in the strong coupling Bose-Einstein condensate (BEC) regime η < −1.
In the weak interaction regime η > 1, we have run the lattice simulations for the down-spin impurity interacting with a bath of 21 up-spin fermions with three different interaction strength. These three coupling constants give bound states with binding momenta equal to 0.22 /a, 0.31 /a, 0.43 /a. As there is relatively little spread versus binding momenta, this indicates that we are close to the continuum limit of zero-range interactions. In this region the polaron energies from the simulations are in good agreement with the analytical results, as can be seen in Fig. 2 . In Fig. 2 , we also compare with the experimental data presented in Ref. [16] and find good agreement for the region with η > 0. For η < 0 the experimental uncertainty increases significantly. Some possible sources of systematic corrections include finite temperature and trap-averaging effects, the nonzero density of impurity atoms, and the finite interaction range of the interatomic potential.
In the region where η < 1 we have run our simulation for three different interaction strengths which gives bound states with binding momenta 0.43 /a, 0.53 /a, and 0.62 /a. For these calculations, the number of upspin particles in the Fermi bath is N = 7 and N = 8. When calculating the ground state energies in this region, it is much more challenging to maintain good relative accuracy for the subtracted energy combination p + | B |.
In the region where η < 0, our results have the same shape as the predictions by Zölner et al. [12] and Parish et al. [14, 18] , but are smaller in overall size.
We also see a maximum in our ab initio lattice results for ( p + | B |)/ F . Qualitatively, this maximum can be compared with the location of the intersection of the polaronic and molecular variational curves. The maximum occurs in the interaction region −0.65 < η c < −0.85. For η > −0.65 the polaron state is the stable ground state, while for η < −0.85 the molecule becomes energetically favorable. This result is consistent with previous theoretical calculations [18] which obtains a critical interaction strength in the region −0.97 < η c < −0.80. After converting the experimental value [32] performed in a quasi-2D trap to the corresponding pure 2D values (see Ref. [33] ) our result also compares well with the experimental result, η c = −0.88 (20) .
Conclusions. In this paper, we have presented a Monte Carlo simulation for the attractive Fermi polaron problem in two and three dimensions. For our simulations we have introduced a new Monte Carlo algorithm called impurity lattice Monte Carlo (See also Ref. [21] ). In impurity Monte Carlo we use worldline Monte Carlo for the impurities, and these impurity worldlines act as local auxiliary fields in the simulation of the majority particles. For systems with one impurity our algorithm does not show any significant sign oscillations.
Using the impurity lattice Monte Carlo algorithm, we have simulated systems of one down-spin impurity in a sea of up-spin particles in two and three dimensions. In three dimensions, we have presented a determination of the universal polaron energy in the unitarity limit. Extrapolating to the continuum and thermodynamic limits, we have found θ = p / F = −0.614(11) which is in excellent agreement with the calculations and measurements of other groups [2, 7, 10, 23, 24, [34] [35] [36] . In the two dimensional system, we have measured the polaron energies as a function of the two-body interaction strength. Our results are in very good agreement with the results of different analytical approaches for the weak interaction regime. Our results are also in good agreement with the experimental data for η > 0. In the region with η < 0.5 our simulation results have the same shape as the theoretical predictions using the polaron and molecule ansätze with a maximum value for ( p + | B |)/ F in the region −0.85 < η c < −0.65, which is consistent with the transition of the impurity from a polaron to a molecule.
